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We study the notion (for categories of modules) dual to that of torsion radical and its connections with projective modules.
Torsion radicals in categories of modules have "been studied extensively in connection with quotient categories and rings of quotients.
(See LSI, [72] and [73] .) In this paper we consider the dual notion, which we have called a cotorsion radical. We show that the cotorsion radicals of the category J& correspond to the idempotent ideals of R . Thus they also correspond to TTF classes in the sense of Jans [9] .
It is well-known that the trace ideal of a projective module is idempotent. We show that this is in fact a consequence of the natural way in which every projective module determines a cotorsion radical. As an application of these techniques we study a question raised by Endo [7] , to characterize rings with the property that every finitely generated, projective and faithful left module is completely faithful. We prove that for a left perfect ring this is equivalent to being an S-ring in the sense of Kasch. This extends the similar result of Morita [75] for artinian rings.
Cotorsion radicals
Throughout this paper R will denote an associative ring with identity, and Jk and M will denote the categories of unital left and right i?-modules, respectively. Homomorphisms will be written on the right. The reader is referred to Lambek [7 7 ] for basic definitions.
Following the terminology of Maranda [7 3 ] , a subfunctor p of the identity on an abelian category A will be called a preradical If we use * to denote the dual of l/p in the dual category ^* of _M , then (l/p)* is a preradical, and since p is a radical if and (ii) A class T of modules is called by Jans [9] a TTF class if it is closed under taking submodules, factor modules, direct products, and if in
TTF class is the torsionfree class of a cotorsion radical, and conversely the torsionfree class of a cotorsion radical is a TTF class, so Theorem l.U gives another proof of Corollary 2.2 of Jans [9] , that TTF classes correspond to idempotent ideals. 
Recall that J4 is faithful if the annihilator ideal ann(M) = {r € R \ rM = 0} is the zero ideal. For a left ideal A of R
we write 1{A) rather than a n n U ) . If _P is finitely generated and projective, then for some positive integer n there exists an epimorphism ir : R* 1 •*• P , and this splits by a monomorphism 9 : P -*• H . Since TT0 is an endomorphism of a free module, it can be described by an n * n matrix X with entries in R , and X is idempotent. Let <X> denote the (two-sided) ideal generated by the entries of the matrix X . Although the matrix X is not uniquely determined by P , the next lemma shows that the ideal ( X) is uniquely determined.
be finitely generated and projective, and X an associated idempotent matrix. Then (X) = tr_(P) .
Proof. We first show that <X>ctr D (P) . Since tr D (P) is an -n n ideal, we only need to show that the generators of (X) are contained in tr^(P) . This follows immediately upon considering the projections
To show that tr^(P) c < X > , it suffices to show that (P)/c<J> for The above lemma gives one method of characterizing trace ideals of finitely generated, projective modules. It can be extended to a characterization of trace ideals of arbitrary projective modules by using row-finite matrices. Since a projective module _P is faithful if and only if I (tr_(P)) = 0 (Propositions 2.2 and 2.3), we have the following proposition.
PROPOSITION 3.2. Every finitely generated, -projeative and faithful left R-module is completely faithful if and only if l(A) + 0 for every proper idempotent ideal A of R which is generated as a two-sided ideal by the entries of a finite idempotent matrix over R .
Although this characterization is somewhat unwieldy, i t can be used to give a short proof of the well-known fact that if R is a commutative ring, then every finitely generated, projective and faithful i?-module is completely faithful. To show this, suppose that X is a finite idempotent matrix with entries in a commutative ring R . Let E be the identity matrix and let E -X be the adjoint matrix of E -X . Since X is idempotent, (E-X)(X) = (0) , and therefore
t h e n t h i s i m p l i e s that det(E-X) = 0 , which shows that 1 € < X) and (X) = R . Thus, in a commutative r i n g , any proper ideal generated by a finite idempotent matrix must have non-zero annihilator.
The next theorem i s the main r e s u l t of the section. We conclude with an observation giving some conditions under which every non-zero projective module is completely faithful. Recall that a left and right hereditary, left and right noetherian prime ring which is a maximal order in its quotient ring is said to be a Dedekind prime ring. (ii) every non-zero protective R-module is completely faithful;
(iii) R is a Dedekind prime ring. 
Proof. (i) «=» (ii

